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[From the Transactions of the Cambridge Philosophical Socisty, Vol. x. Part L]

VIL  On Faraday's Lines of Force.
[Read Dec. 10, 1855, aud Feb, 11, 1856.)

THE present state of electrical science seems peculiarly unfavourable to specu-
lation. The laws of the distribution of eleotricity on the surface of conductors
have been analytically deduced from experiment ; some parts of the mathematical
theory of magnetism are established, while in other parts the experimental data
are wanting ; the theory of the conduction of galvanism and that of the mutual
attraction of conduotors have been reduced to matheomatical formuls, but have
not fallen into relation with the other parts of the science. No electrical theory
can now be put forth, unless it shews the connexion not only between electricity
8¢ rest and current electricity, but between the attractions and inductive effects
of electricity in both states. Such a theory must accurately satisfy those laws,
the mathematical form of which is known, and must affbord the means of calcu-
lating the effects in the limiting cases where the known formul® are inapplicable,
In order therefore to appreciate the requirements of the science, the student
oust make himself familiar with a considerable body of most intricate mathe-
matics, the mere retention of which in the memory materially interferes with
further progress. The first process therefore in the effectual study of the science,
must be one of simplification and reduction of the results of previous investiga-
tion to a form in which the mind can grasp them. The results of this simplifi-
cation may take the form of a purely mathematical formula or of a physical

hypothesis. In the first case we entirely lose sight of the phenomena to be

oxplained ; and though we may trace out the consequences of given laws, we -
can never obtain more extended views of the connexions of the subject. If,
on the other hand, we adopt a physical hypothesis, we see the phenomena only
through a medium, and are liable to that blindness to facts and rashness in
20—2



156 ON FARADAY'S LINES OF FORCE.

assumption which a partial explanation encourages. We must therefore discover
some method of investigation which allows the mind at every step to lay hold
of & clear physical conception, without being committed to any theory founded
on the physical science from which that oconoeption is borrowed, so that it 1s
neither drawn aside from the subject in pursuit of analytical subtleties, nor carried
beyond the truth by a favourite hypothesis.

" In order to obtain physical ideas without adopting a physical theory we must
make ourselves familiar with the existence of physical analogies. By a physical
anslogy I mean that partial similarity between the laws of one science and those
of another which makes each of them illustrate the other. Thus all the mathe-
matical sciences are founded on relations between physical laws and laws of
numbers, so that the aim of exact science is to reduce the problems of nature
to the determination of quantities by operations with numbers. Passing from
the most universal of all analogies to a. very portial one, we find the same
resemblance in mathematical form between two different phenomena giving rise
to o physical theory of light.. | | -

The changes of direction which light undergoes in passing from one medium
to another, are identical with the deviations of the path of a particle in moving
~ through a narrow space in which intense forces act. This analogy, which extends
only to the direction, and not to the velocity of motion, was long believed to
be the true explanation of the refraction of light; and we still find it useful
in the solution of certain problems, in which we employ it without donger, as
an artificial method. The other analogy, between light and the vibrations of an
elastic medium, extends much farther, but, though its importance and fruitfulness
cannot be over-estimated, we must recollect that it is founded only on & resem-
blance in form between the laws of light and those of vibrations. By stripping
it of its physical dress and reducing it to a theory of “transverse alternations,”
we might obtain a system of truth strictly founded on observation, but probably
deficient both in the vividness of 1ts conceptions and the fertility of its method.
I have said thus much on the disputed questions of Optics, as a preparation
for the discussion of the almost universally admitted theory of attraction at a
distance.

Wo have all acquired the mathematical conception of these attractions. We
can reason about them and determine their appropriate forms or formule. Theee
formulee have & distinct mathematical significance, and their results are found
to be in accordance with natural phenomena. There is no formula in applied
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‘mathematics more consistent with nature than the formula of attractions, and no
theory better established in the minds of men than that:of the action of bodies
on one another at a distance. The laws of the conduction of heat in uniform
media appear at first sight awong the most different in their physical relations
from those relating to attractions. The quantities which enter into them are
temperature, flow of heat, conductivity. The word force i m foreign to the uub_]&ct.
Yet we find that the mathematical laws of the uniform motion of heat in
homogeneous media are identical in form with those of attractions varying in-
versely ns the square of the distance. We have only -to substitute source of
heat for cenire of altraction, flow of heat for accelerating effect of altraction at
sny point, and temperature for potential, and the solution of a problem in
attractions is transformed into that of a problem in heat.

This analogy between the formule® of heat and attraction was, I believe,
first pointed out by Professor William Thomson in the Camb. Muth. Journal,
Vol. IIL

Now the conduction of beat is supposed to proceed by an action between
contiguous parts of a medium, while the force of attraction is » relation  be-
tween distant bodies, and yet, if we knew nothing more than is expressed in
the mathematical formule, there would be nothing to dlutmgumh between the
one set of phenomena and the other.

It is true, that if we introduce other consideratiohs and observe additional
facts, the two subjects will assume very different aspects, but the mathematical
resemblance of some .of their laws will remair, and may still be made useful
in exciting appropriate mathematical ideas.

It is by the use of analogies of this kind that I have attempted to bring
before the mind, in a convenient and manageable form, those mathematical ideas
‘which are necessary to the study of the phenomena of electricity. The methods
are generully those suggested by the processes of reasoning which are found in
the researches of Faraday®, and which, though they have been interpreted
mathematically by Prof. Thomson and others, are very generally supposed to be
of an indefinite and unmathematical character, when compared with those em-
ployed by the professed mathematicians, By the method which I adopt, I hope
to render it evident that I am not attempting to establish any -physical theory
of. & science in which I have bardly made a single experiment, and that the
limit of my design is to shew how, by a strict application of the ideas and

* Beo especially Series xxxviir of the Experimenial Researches, and Phil. Mag. 1852
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methods of Faraday, the connexion of the very different orders of phenomena

- which he has discovered may be clearly placed before the mathematical mind.

I shall therefore avoid as much as I can the introduction of anything which
does not serve as a direct illustration of Faraday's methods, or of the mathe-
matical deductions which may be made from them. In treating the simpler
parts of the subject I shall use Faraday's mathematical methods as well as

" his ideas, When the complexity of the subject requires it, I shall use analytical

notation, still confining myself to the development of ideas originated by the
same philosopher.

I bave in the first place to explain and illustrate the idea of *lines of
force.” |

When & body is electrified in any manner, a small body charged with posi-
tive electricity, and placed in any given position, will expexrience a force urging
it in a certain direction. If the small body be now negatively electrified, it will
be urged by an equal force in a direction exaoctly opposite.

The same relations hold between & magnatw body and the north or south
poles of a small magnet. If the north pole is urged in one direction, the south
pole is urged in the opposite direction.

In this way we might find a line passing through any point of space, such

that it represents the direction of the force acting on. a positively electrified

particle, or on an elementary north pole, and the reverse direction of the force
on a negatively electrified particle or an elementary south pole. Since at every
point of space such a direction may be found, if we commence at any point
and draw a line so that, as we go along it, its direction at any point shall
always coincide with that of the resultant force at that point, this curve will
indicate the direction of that force for every point through which it passes, and
might be called on that account a line of force. We might in the same way
draw other lines of force, till we had filled all space with curves mdm.tmg by
their direction that of the force at any assigned point. ,
We should thus obtain a geometrical model of the phymoal phenomens,
which would tell us the direction of the force, but we should still require some
method of indicating the intensity of the force at any point. If we consider
these curves not as mere lines, but as fine tubes of variable section carrying
an incompressible fluid, then, since the velocity of the fluid is mwmely as the
section of the tube, we may make the velocity vary according to any given law,
by regulating the section of the tube, and in this way we might represent the

L]
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intensity of the force as well as its direction by the: motion of the fluid in
these tubes. This method of representing the intensity of a force by the velocity
of an imaginary fluid in a tube is applicable to any conceivable system of forces,
but it is capable of great simplification in the case in which the forces are such
as can be explnined by the hypothesis of attractions varying inversely as the
square of the distance, such as those observed in electrical and ma.gnetw pheno-
mena. In the case of a perfectly arbitrary system of forces, there will generally
be interstices between the tubes; but in the case of electric and magnetic forces
it is possible to arrango the tubes so as to leave no interstices. - The tubes will
then be mére surfaces, directing the motion of a fluid filling up the whole space.
It has been usual to commence the investigation of the laws of these forces by
ot once assuming that the phenomena are due to attractive or repulsive forces
acting between certain points. We may however obtain.a different view of the
subject, and one more suited to our more difficult inquiries, by adopting for the
definition of the forces of which we treat, that they may be represented in
magnitude and.direction by the uniform motion of an incompressible fluid.

I propose, then, first to deacribe o method by which the motion of ‘such a
fluid can be clearly conceived; secondly to trace the consequences of assuming
certuin conditions of motion, and to point out the application of the method to
some of the less complicated phenomena of electricity, magnetism, and galvanism ;
and lastly to shew how by an extension of these metheds, and the introduction
of another idea due to Faraday, the laws of the attractions and inductive actions
of magnets and currents may be clearly conceived, without making any assump-
tions as to the physical nature of electricity, or adding anything to thbat which
~ has been already proved by experiment.

By referring everything to the purely geometrical idea of the motion of an
imaginary fluid, I hope to attain generality and precision, and to avoid the
dangers arising from a premature theory professing to explain the cause of the
phenomena. If the results of mere speculation which I huve collected are found
to be of any use to experimental philosophers, in arranging and interpreting
their results, they will have served their purpose, and a mature theory, in which
physical facts will be physically explained, will be formed by those who by
‘interrogating Nature herself can obtain the only true solution of the questions
which the mathematical theory suggests.

—typ — A - - -
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form that its nature and propertics may be clearly explained without reference
to mere symbols, and therefore I propose in the following investigation to use
symbols freely, and to take for granted the ordinary mathematical operations,
By a careful study of the lawa of elastio ‘molids and of the motions of viscous
fluids, I hope to discover a method of forming a mechanical conception of this

~ electro-tonic state adapted to general reasoning®.

Parr II.
On - Faraday's * Electro-tonic State.”

When a conductor moves in the neighbourhood of a current of electricity,
or of » magnet, or when a currént or magnet near the conductor .is moved, or
altered in intemsity, then a force acts on the conductor and produces electric
tension, or & continuous current, according as the circuit 1s open or closed. ~ This
current is produced only by changes of the electrio or magnetic phenomena sur-
* rounding the conductor, and as long as these are constant there is no observed
" effoct on the conductor. Still the conductor is in different states when near a
current or msagnet, snd when away from its influence, since the removal or
destruction of the current or magnet occasions a current, which would not have
existed if the magnet or current had not been previously in action.
~_—~Considerations of this kind led Professor Faraday to connect with his

discovery of the induction of electric currents the conception of a state 1nto
which all bodies are thrown by the presence of magnets and currenta. This
state does not rmanifest itself by any known phenomena as long as it is undie-
turbed, but any change in this state is indicated by a current or tendency
towards a ourrent. To this state he gave the name of the * Electro-tonic
State,” and slthough he afterwards succeeded in explaining the phenomena
which .suggested it by means of less hypothetical conceptions, ho has on several
occasions hinted at the probability that some phenomena might be discovered
which would render the electro-tonic state an object of legitimate induction.
These speculations, into which Faraday bad been led by the study of laws
which he has well established, and which he abandoned only for want of experi-

'hMW.%m&uHMMRWMdEMHM:MW&'
Yorcm. Camb. and Dub. Math. Jour. Jan. 1847, .
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Jll mental data for the direct proof of the unknown state, htwip not, I think, been
Jmade the subject of mathematical investigation. Perhaps it may be thought
that the quantitative determinations of the various phenomens are not suffi-
ciently rigorous to be made the basis of a mathematical theory; Faraday,
however, has not contented himself with simply stating the numerical results of
his experiments and leaving the law to be discovered by calculation. Where
be has perceived a law he has at once stated it, in terms as unambigucus as
lthose of pure mathematics; and if the mathematician, receiving this as a physical
ftruth, deduces from it other lawa capable of being tested by experiment, he
Quas meraly assisted the physicist in arranging his own ideas, which is con-
ffessedly s necessary step in ecientific induction.
f  In the following investigation, therefore, the laws established by Faraday
be assumed as true, and it will be shewn that by following out his:
gbpeculations other and more general laws can be deduced from them. If it
MEhould then appsar that these laws, originally devised to include one set of
Pbbenomena, may be generalized so as to extend to phenomena of a different
Blnss, these mathematical connexions may suggest to physicists the means of
BRpstablishing physical connexions; and thus mere speculation may be turned to
Bceoount in experimental science. |

On Quantity and Intensity as Properties of Electric Currents.

| It is found that certain effects of an eloctric current are equal at what-
ERver part of the cirouit they are estimated. The quantities of water or of
y other electrolyte decomposed at two different sections of the same circuit,
Wre always found to be equal or equivalent, however different the material and
e of the circuit may be .at the two sections. The megnetic effect of a
[onducting wire is also found to be independent of the form or material of
ne wire in the same circuit. Thero is therefore an electrical effect which is
BEqual at every section of the cireuit. If we oconceive of the conductor as the
Shannel along which a fluid is constrained to move, then the quantity of fluid

pransiitted by each section will be the same, and we may define the gquantity
RSN an clectric current to be .the quantity of electricity which passes across a
Bomplete section of the current in unit of time. We may for the present

Bcasure quantity of electricity by the quantity of water which it would decom-
in unit of time, -
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Let us now consider the oconditions of the conduction of the electric
currents within the medium during changes in the electro-tonic state. The
method which we shall adopt is an application of that given by Helmholtz in

his memoir on the Conservation of Foroce*.

Let there be some external source of electric currents which would generate
in the conducting mass currents whose quantity is measured by a,, b, ¢, and
their intensity by a,, 8, s |

Then the amount of work due to this cause in the time d¢ is

dt [[f{oye, + b8+ oy,) daxdyds

in the form of resistance overcome, and

= % f j I(“‘-“' + 0B, + c;7,) dxdy dz

in the form of work done mechanically by the electro-magnetic action of these
cuirents. If there be no external cause producing currents, then the quantity

representing the whole work done by the external cause must vanish, and we
haveo

dt ”j(a,a,+bﬁ,+cm)dmdydz+d‘ d fjj(a,a.+b.6.+c,y.)dxdyds

where the integrals are taken through any arbitrary space. We must therefore
have |

1d

030+ 0By + 6y = = 7 (@0y + 0.8, + G}

for every point of space; and it must be remembered that the variation of

¢ is supposed dus to variations of a,, B, ¥, and not of a, b, ¢,, We must
therefore treat a,, b,, ¢, as constants, and the equatinn becomes

1 da. 1 dB. 1 dy,
In order that this equation may be mdapendant of the values of a, b,, ¢,
each of these coefficients must =0; and therefore we have the following

expressions for the eleotro-motive forces due to the action of magmets and
currents at & distance in terms of the electro-tonic functions,

1 dg, 1 dy,
“E md PTTRE P Twas

* Translated in Taylor's New Scientific Memoirs, Part 1.
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It appears from experiment that the expression %}' refe:a to the change |

of electro-tonic state of a given particle of the conductor, whether due to
change in the electro-tonic funotions themselves or to the motion of the particle.

If o, be expressed as & function of @, ¢, z and ¢, and if x, ¥, 2 be the
co-ordinates of a moving particle, then the electro-motive force measured in the
direction of z is

1 fda,da  da,dy  da,dz da,
ﬁ"""“(zaaz““ayaﬁa;aﬁfaz)-

4

The expressions for the electro-motive forces in y and 2z are similar. The
distribution of currents due to these forces depends on the form and arrange-
ment of the oonducting media and on the resultant electric temsion at any

pont.

The discussion of these functions would involve us in mathematical formulm,
of which this paper is already too full. It is only on account of thejr physical
importance ag the mathematical expression of one of Faraday's conjectures that I
have been induced to exhibit them at all in their present form. By u more
patient cobsideration of their relations, and with the help of those who are
engaged in physical inquiries both in this subject and in others not obviously
connected with it, I hope to exhibit the theory of the electro-tonic state in a
form in which all its relations may be distinctly conceived without reference to

~ analytical calculationa.

Summary of the Theory of the Electro-tonic State.

We may conceive of the electro-tonic state at any point of space as a
quantity determinate in magnitude and direction, and we may represent the

- electro-tonic condition of a portion of gpace by any mechanical system which

has at every point some quantity, which may be a velocity, a displacement, or
a force, whose direction and magnitude correspond to those of the supposed
electro-tonic state. This representation involves no physical theory, it is only
o kind of artificial notation. In analytical investigations we make use of the-
three components of the electro-tonic state, and call them electro-tonic functions.
We take the resolved part of the electro-tonic intensity at every point of a
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closed curve, and find by integration what we may call the entire electro-lonic
intensity round the curve. |

Pror. L If on any surfuce o closed curve be drawn, and if the surface
within it be divided into small areas, then the entire intensity round the closed
curve is equal to the sum of the intensitics round euch of the small areas, all
estimated in the same direction. | -

~ For, in going round the small areas, every boundary Line between two of
thom is passed along twice in opposite directions, and the intensity guined in
the one case is lost in the other. Every effect of passing along the interior
divisions is therefore neutralized, and the whole effect is that due to the -
exterior closed curve. ) |

Law I The entire electro-tonic intensity round the boundary of an clement of
surface measures the quantity of magnetic induction which passes through that
surface, or, in other words, the number of lines of magnelic force which pass
through that surface. '

By Prop. L it appears that what is trua of elementary surfaces is true also
of surfaces of finite magnitude, and therefore any two surfaces which are
bounded by the same closed curve will have the same quantity of magnetic
induction through them.

Law II. The magnelic tntensity ai any pmnt 8 connected with the quanitly
of magnetic induction by a set of linear equations, called the equations of con-
duction®,

Law III.  The entire magnetic iniensity round the boundary of any surface
measures the quantity of electric current which passes through that surface.

Law IV. The quantity and intensity of electric currents are connected by a
system of equations of conduction. |

By these four laws the magnetic and electric quantity and intensity may be
doduced from the values of the electro-tonic functions. 1 have not discussed
the values of the units, as that will be better done with reference to actual

experiments. We come next to the attraction of conductors of currente, and to
the induction of currents within conductors.

* oo Art. (38).
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Law V., The tolal clectro-magnetic potential of a closed current ts measured
by the product of the quamiity of the current multiplied by the entire electro-tonic
intensuly estvmated in the same direction round the circudt.

Any displacement of the conductors which would cause an increase in the
potential will be assisted by a force measured by the rate of increase of the
potential, so that the mecbanical work done during t,ha displacement  will be
measured by the increase of potential.

Although in certain cases. a displacement in dlrectlnn or alteration of inten-
ity of the current might increase the potential, such an slteration would not
itself produce work, and there will be no tendency towards this displacement,

for alterations in the current are due to electro-motive force, not to electro-

magnetic attractions, which can only act on the conductor.

Law VI The electro-motive force on any element of a conductor is measured
by the wnstantaneous rate of change of the electro-tonic intensity on that element,
whether in magnitude or direction.

The electro-motive force in a closed conductor is measured by the rate of
change of the entire electro-tonic intensity round the circuit referred to unit
of time. It is independent of the nature of the conductor, though the current
produced varics inversoly as the resistance; and it is the same in whatever
way the change of electro-tonic intensity has been produced, whether by motion
of the conductor or by alterations in the exteérnal circumstances.

In these six laws I have endeavoured to express the idea which I believe to
be the mathematical foundation of the modes of thought indicated in the Ex-
pervmental Researches. 1 do not think that it contains even the shadow of a
true physical theory; in fact, its chief merit as a temporary instrument of
research is that it does not, even in appearance, account for anything.

There exists however a professedly physical theory of electro-dynamics, which
is 80 clegant, so mathematical, and so entirely different from anything in this
paper, that I must state its axioms, at the riek of repeating what ought to
be well known. It is contained in M. W. Weber's Electro-dynamic Measure-
ments, and may be found in the Transactions of the Leibnitz Society, and of the
Royal Society of Sciences of Saxony® The assumptions are,

* When this was written, I was not aware that part of M. Weber's Memoir is tranalated in

Taylor's Scieniific Memoirs, Vol v. Art. xiv. The value of his reseavches, both oxperimental’ and
theoretical, renders the study of Lis theory necessary to every electrician.

—g ErA R m ke e———— R w T
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(1) ‘That two particles of electricity when in motion do not repel each other
with the same force as when at rest, but that the.force is altered by a quantity
depending on the relative motion of the two particles, so that the expression for
the repulsion at distance r'is

ee’ dr d"r) |
(2) That when electricity is moving In a conductor, the velocity of the

positive’ fluid relatively to the matler of the conductor is equal and opposite to
that of the pegative fluid.

(3} The total action of one conducting element on another is the resultant
of the mutual actions of the masses of electricity of both kinds which are

in each.

(4) The electro-motive force at any point is the difference of the forces
acting on the positive and negative fluids.

From these axioms are deducible Ampeére’s laws of the attraction of
conductors, and those of Neumann and others, for the induction of currents.
Here then is a really pbysical theory, satisfying the required oconditions better
perhaps than any yet invented, and put forth by a philosopher whose experi-
mental researches form an ample foundation for his mathematical investigations.
What is the use then of imagining an electro-tonic state of which we have
no distinctly physical conception, instead of & formula of attraction. which we
can readily understand? I would answer, that it is a good thing to have
two ways of looking at a subject, and to admit that there are two ways of
looking at it. Besides, I do not think that we have any right at present to
understand the action of electricity, and I hold that the chief merit of a
temporary theory is, that it shall guide experiment, without impeding the
progress of the true theory when it appears. There are also objections to
making any ultimate forces in nature depend on the velocity of the bodies
between which they act. If the forces in nature are to be reduced to forces
acting between particles, the principle of the Conservation of Force requires
that these forces should be in the line joining the particles and functions of
the distance only. The experiments of M. Weber on the reverse polarity of
diamagnetics, which have been recently repeated by Professor Tyndall, eastablish
a fact which is equally! a consequence of M. Weber's theory of electricity and
of the theory of lines of force.

i
|
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With respect to the history of the present theory, I may state that ti
recognition of oertain mathematical functions as expressing the *electro-ton
atate” of KFaraday, and the use of them in determining electro-dynam:
potentials and electro-motive forces is, as far as I am aware, original ; but t}
distinet conception of the possibility of the mathematical expressions arose i
my mind from the perusal of Prof W. Thomson’s papers “On a Mechanic:
Representation of Eleotric, Magnetio and Galvanioc Forces,” Combridge an
Dublin Mathematical Journal, January, 1847, and his *Mathematical Theory «
Mognetism,” Philosophical Transactions, Part I 1851, Art 78, &c. As a
instance of the help which may be derived from other physical investigation:
I may state that after I had investigated the Theorems of this pape
Professor Stokes puinted out to me the use which he had made of simila
expressions in his ‘“Dynamical Theory of Diffraction,” Section 1, Cambridg
Transactions, Vol. 1x. Part 1. Whether the theory of these functions, consi
dered with reference to electricity, may lead to new matheroatical idess to b
employed in physical research, remains to be seen. I propose In the rest o
‘this paper to discuss & few electrical and magnetic problems with reference t.
spheres. Thess are intended merely as concrote examples of the methods o
which the theory has been given; I reserve the detailed investigation of case

chosen with special reference to experiment till I have the means of testing
their results,

ExAMPLES.
L. Theory of Electrical Images.

The method of Electrical Tmages, due to Prof W. Thomson*, by which
the theory of spherical conductors has been reduced to great geometrical sim-
plicity, becomes even more simple when we see its connexion with the methods

of this paper. We have seon that the pressure at any point in & uniform
medium, due to a spherical shell (radius =q) giving out fluid at the rate of

4wPo’ units in unit of time, is kpg' outside the shell, and kPa inside it,
where r is the distance of the point from the centre of the shell. '

* See & series of papers “On the Mathemation) Theory of Electricity,” in the Cambridge and
Dublin Math. Jour., beginning March, 1848,
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